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De Sitter Gauge Theories of Gravity

Shao Changgui,"* Wang Chunhou,® and H. Dehnen’
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The two types of de Sitter gravities are constructed with the fiber bundle technique
and some special cases are discussed. Relations among de Sitter, Poincaré, and
Lorentz gravity are discussed and the contraction from the de Sitter bundle to
the Poincaré bundle is demonstrated. Two types of gravitational gauge field
equations are obtained by using the de Sitter-Poincaré and de Sitter-Lorentz
actions. The de Sitter effect occurring in the field equations is discussed.

1. INTRODUCTION

Denote the de Sitter (dS) universe (with constant curvature) by the dS
sphere S}. According to whether the dS curvature A >0, <0, or =0, S} is
written as Si7, §%7, or S§. The dS spheres S5+, S, and S} are isomorphic
to cosets SO(4,1)/S0(3,1), SO(3,2)/S0O(3,1), and ISO(3,1)/SO(3,1),
respectively. It is apparent that Sg is Minkowski space. Let us denote it
by M’. One may consider SO(4,1)/SO(3,1) or SO(3,2)/SO(3,1) as
the sphere-pole orbit with four-dimensional projective homogeneous co-
ordinates {£°}={¢’, £} (i=0,1,2,3). Let the center of the sphere be
the center of projection; then S}, and S}, regarded as the dS sphere
17,,,,5“.5" = —1/A, may be embedded into five-dimensional pseudo-Euclidean
space Ef’4,1) and El;,), respectively. Here a,b,...=0,1,2,3,5; n,=
diag(1, -1, —-1,-1,=I); I=—-A/|A|.

De Sitter groups SO(4, 1) and SO(3, 2) are the transformation groups
of dS spheres S3 and S} . Thus, S3" and S have global dS invariance.
Set SO(4,1)=dS(4,1), SO(3,2)=dS(3,2); then both of them may be
written as dS(5) symbolically. When extending the flat space-time manifold
M’ with global Poincaré invariance to one with the local Poincaré invariance,
we may extend it to Riemann-Cartan (RC) space-time M with local Poincaré
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invariance and build Poincaré gravity (PG) (Shao Changgui and Xu
Banging, 1986). But since the Poincaré group ISO(3, 1) is the contraction
of the dS group dS(5), we may extend the space-time manifold M to the
supersurface M, ., with local dS invariance by means of the extension of
the gauge group ISO(3, 1)~ dS,(5), and then build dS gravity (dSG). Of
course, it is usual that we localize the constant-curvature space-time mani-
fold S} with global dS invariance as the supersurface M, ,, with local dS
invariance, and then build dSG. The contraction (or extension) of the gauge
group shall give rise to the contraction (or extension) of the bundle, and
then the dSG is different from the PG.

When localizing S} as M, xy, the five-dimensional pseudo-Euclidean
space E; embedding S; is localized as the RC space Hj ), i.e.,

s s 4 s
E;~>H;, S>> M, H; > M,y

Therefore Vx € M, ., there is a dS sphere S}, (< Ei|x) tangential to M, ,
and there is a tangent Minkowski space M. The space E ,5\|x is the tangent
space of H(,, at point x and then we may assume M,,, as an umbilical
point supersurface.

The local Lorentz and Poincaré transformations may be realized in
M the local dS transformations may be realized in S} ). According to
whether the gauge transformations are realized in terms of the local moving
frame or the vector, we may build the Lorentz frame bundle (Shao Changgui
et al., unpublished) L{M)= P(M, SO(3, 1)) or its associated bundle E; =
E, (M, M',SO(3,1), L), the Poincaré affine frame bundle P(M)=
P(M, ISO(3, 1)) or its associated bundle E, = Ep(M, M’', ISO(3, 1), P),
and the de Sitter frame bundle dS(M,,,)=P(M,«,, dS,(5)) or its
associated vector endpoint (on the dS sphere) bundle E; =
Eus(My(xy, 3, dS,(5), dS).

In this article the dS frame bundle is discussed in two cases, the de
Sitter-Lorentz (dSL) bundle and the de Sitter-Poincaré (dSP) bundle.

2. DE SITTER-LORENTZ GRAVITY DESCRIBED BY
FIBER BUNDLE

Let M, (., be covered by an open covering; after introducing the natural
frame 9,, Vx € M, ,,, its coordinates are x*, u =0, 1, 2, 3. Choose a dSL
frame in the projection center of the dS sphere S}(,,< E3x:

{en}={ei, e5} (1)
and its dual frame

{Ola} — {eri, erS}
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Then we have the inner products
(ei, ej)=n; =diag(1l, -1, -1, -1)
(es, e5)=—1
(e, e5)=0
(€, ep)= Nap
and we have
0" (e))=8;,  07(es)=0, 0%(e))=0, 6°(es)=1
Under this frame the dS sphere S}, satisfies the condition of local super-
sphere, i.e.,
nabf’aflb =-1/A, 8uv = Nab W:f W;/b s Naré'® W;Lb =0

where the points {¢'“} € S3 o and { W12} ={ Vi, 0} are dSL frame coefficients,
and V, are Lorentz vierbein fields. Here i, j,... are the indices of the
Lorentz moving frame, and we also have

0 =V dx*, ej=VFa,  V,VF=85,  VL,VI=8§]

where dx*(8,)=8%, 0" (e}) =8}, 6"(3,)= V., dx*(e!) = V¥. Because the
group dS,(5) keeps the bilinear metric of E; invariant, one has

Nap = NeaAeA,  Ag€dSy(5)

In view of the local dS invariance of M,,,, the local action of the
gauge group dS, (5) may be realized by the local action (right action) on
the dSL frame. Thus, we obtain the transformed frame

e, =Aley,, 0°=(AT)50",  ALedS,(5) (2)

Here 6“(ep) = 8%, (€4, €5) = Nap, and 6°“ = W7, dx*, 3, = W e,, where W}, =
0°(3,.) is the component of 0“ under 4,,.

Let the set {e,};x of all dSL frames at point x € M, ,, under the gauge
group dS(5) be denoted by dSL.(M, ) and we know that dSL.(M, ) is
isomorphic to the group ds, (5), i.e., dSL, (M, .,) ~ dS(5). Taking the union
dSL(M, x)) of dSL.(M,,,) for all x, i.e.,

dSL(M, ,,) = &4) dSL. (M, )
xeM, (x)
we obtain a dSL frame bundle (Kobayachi and Nomizu, 1963) dSL(M, ) =
P(M,,,, dS,(5)), of which M, ., is the base space and dS, (5) is the structure
group. The frame {e,} in expression (2) may be called a dSL frame;
dSL.(M, ) is a fiber over point x. One has that Vx e M, the bundle
projection IT maps the set of frames on the fiber dSL,(M, ,,) onto the point
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x. The distribution of the dSL frame {e,»)} on M, ) is a cross section o(x)
on the bundle; in the dSL(M, ) it gives a submanifold diffeomorphic to
M, . It is easy to know that

dim dSL(M, () = dim M, ,+dim dS, (5) =4+10=14

Now, Vu'e dSL(M, ), u' may be denoted by (x, A), Ae dS,(5). The
right action on dSL(M, ,)) under the group dS,(5) is defined as

u=u'B, Be dS,(5)
u=(x, AB), A, B, ABe dS,(5)

Thus, suppose {I,} is a set of natural basis in pseudo-Euclidean space E3 ;
the u' may be considered as the linear mapping Ei—>E§|X, and for all
a=0,1,2,3,5, one has u'l, =e¢,. The right action on dSL(M,,,) under
group dS,(5) may be realized as

ES _i E5 i) ES
A A Alx

Here B is a linear transformation in E3 :

B
Ia - BZIb

Now, Vx e M,,,, the superspherical condition under the dSL frame on
bundle dSL(M, ) is

nabgagb = _I/Aa gp.v = nabWZ Wl;, nabga WZ = 0

Here the point {£°}e S3(x)-
We give a definition of the absolute covariant derivative:

DWi=W3,, dx*=(W, —T,, Wi+ B, W) dx” 3)

Here / is the twofold covariant derivative with respect to the natural frame
on M, and the dSL frame on the bundle, '}, is the connection under
the natural frame, and B, is the dSL connection on bundle dSL(M, ).
The above dSL connection is equivalent to the following connection defined
with the dSL frame:

De, = B}, dx* ® e, = BLOPe, (4)

In order to leave the length of the vector invariant under translations, we
demand dn,, =0, and we have Q,, = ~Q,., Q5 = Q.0 Here for the form
05 with respect to the dSL connection we have

Q=R dx* = B2,0°,  QLedS(5)
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On dSL(M,,)) the transformation law of the dSL connection may be
obtained through (3):

Q> Qi=(ANP05AY+(a ) dAL,  AedS,(5)
Taking the dSL frame {e.} = {e], e}}, the connection defined in (4) may
be written as
De,=BY dx*®e|+ B!, dx" ® e}
Del= %‘" dx* @e!

With respect to this frame, one has the Gauss formula and Weingarten
formula:

(%)

De}= Delw;6" @ el =Bl dx*Qe]— Iw,0" Qe
De’s = ~wgn *9'® e! ©
Here w; is the second fundamental metric of M, ,,:
=w,,d"Qdx"=wb"®86”

Since M, ., is an umbilical point supersurface, then we have w,,=
—|A|"?g,., @y =—|A|"*n;. Thus, expressions (6) may be written as

De,=Bj, dx"®e}+I|A|"?60;® ¢}
Deb=|AV?0"®@e)=|A|"?V, dx* ®e]
Comparing expression (7) with (5), we obtain
Qf=B) dx*, QF=|A|"?6", Q=10

(7

or
Bl =B, Bus=\["V., BL=IBs
Thus, the dSL connection under the cross section o(x) on the bundle
dSL(M,\(x)) is
B{L,« |)\ Il/2
1/2
IIA?V, 0

Here B{L‘. is the Lorentz connection evaluated on the Lie algebra so(3, 1).
The relation between the three fundamental forms

1=g,, dx*®dx" =(dR, dR)
= w,, dx* ®dx’ = —(dR, de?)
11 = k,, dx* ® dx” = (de}, de})

B, = (B, a)—( )EdA(S)

is
HI=—|A|’II=A|=1
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where R is the vector radius of the supersurface M, ,, under the dSL frame,
and this relation is unchanged under the transformations of frames on the
bundle dSL and arbitrary coordinate transformations on M, ).

In the tangent space T,(dSL(M,,)) at p=(x, A), AcdS,(5), we let

Z,=9,—3BL X, (8)

be a horizontal lifting basis expanding the horizontal subspace H, of
T,(dSL(M,())). In expression (8) the generators [of group dS,(5)] X, =
£.0p — &9, satisfy X, = —X,,,. Apparently dim H, =dim M, ,,=4, and at
the same time the right invariance of Z, is required, i.e., RzZ, (P) = Z,(PB),
B e dS,(5). We also have

HZu:a;u H[Zp.a Zu]z[aua au]=0 (9)

Let T,(dSL(M,)))=H,®V,, then V,, the vertical subspace of
T,(dSL(M, ), is the tangent space of the fiber II"'(x), and dim V, =
dim dS, (5) =10. Thus, {Z,, X,,} may be assumed to be a set of basis in
T,(dSL(My ))).

Their commutation relations are

[ Xabs Xealf= %f:l’;,cd(th )5
[Z.,Z)=~F .2, — 3% Xa (10)
[Zy.a Xap]=0
Here
fz{zcd = nad5§3{ - ﬂbd525{+ mcﬁiﬁﬁ - 77ac5Z3{;

are structure constants of the group dS, (5). From the second expression of
(9), we obtain

H[Zp.a Zv] =H(h[Zy., Zu]) =H(_‘g;;\LVZ/\) =0

Hence %,,=0, where h[Z,, Z,] denotes the horizontal component of

[Z,, Z,]. Thus, expressions (9) may be rewritten as

[ Xab, Xea]= %fﬁfb,chef

[Z.,Z.]=3F 0 X 99
[Z,.u Xab] =0
Since
[Xab, Z1=[Xop, 3, _%%decd]
= _%(aab%;d)xcd —%%;dfiﬁ,cdxef
=0
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then

3B ;d = _%fZZ,ef'%:{
Here d,,=9x,, is the directional derivative. It is known that %’Zb=
%‘ff’(x, A), AedS,(5), i.e., the connection not only relates to space-time

points, but also depends on the elements of the gauge group.
On the bundle space dSL(M,,,), by using the Jacobi identity

[Xab, [Z,, Z11=[2,.,1Z,, Xap]1+[Z,, [ Xep, Z,.1]1=0
and expressions (10), we have
[Xab,[Z,, ZN=[2Z,.1Z,, Xap 1 +[Z,, [ X, Z,]1]
=0
=—30wF ) Xea = 1F o f b .ca Xes
=0

and so we have 0, F 7, = -3 f&% .« Foh; then Fuo = Fio(X, A), Ae dS,(5),
i.e., the curvature is a function of the coordinates of the space-time points
and the fiber bundle coordinates. Since

[Z.,Z,]1=[0,~ 3B Xap, 3, — 3B X4
= %ap% W X oo +33,B ZbXab -3 :db:ef% ;d BIX
= %'O}Z?;Xab
SO
F=0,BL—0.BL+ifr BB
=9, BY—9,BL+ BB — B B (11)

The curvature F;- corresponds to the strength of the Yang-Mills field. By
making use of the Jacobi identity

[Z}L’ [Zv, Z/\]] + [Zva [ZA, ZH]]+ [Z)u [Zy.’ ZV]] = O
we obtain the identity of gauge field strength:
V. Fo+VFL+V,Foo =0

Ap
Here V,, is the gauge-covariant derivative:
1 b d
+ngd,ef%§\ ,97;{,

apab __ ap ab
VAJ[.LV - a/\JP‘“’

By making use of the Jacobi identity
[Xab9 [Xcdy Xef]]+ [Xcda [Xe ) Xab]]+ [Xe > [Xaba Xcd]] = 0
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we obtain the Jacobi identity of the structure constants of the group dS, (5):

faa ,bb’ ee oc' +fbb ee'J aa’,cc’ +fee ,aa’ bb ,ec! =0
Thus, from the expression (11) we may write the dSL curvature as

Fi,+IvVi,. T,

g;,uv = (g;;iub) = ( uVJIT‘L,,j wr 0 ) e ds, (5)
Here
FI

1 =0,B4—8,Bi;+BL By —BYBl, eds(3,1)
is the Lorentz connection,
Th=Viu= Vot (Bl — Bi)A?

— /2i i i

= A2 T+ (AL VL= ALV

is the dSL torsion, and

In the above expressions
T.,=V,,-V,,+B,, —B., (12)

is the Lorentz torsion and V., =|A|"2V,.

3. DE SITTER-POINCARE GRAVITY DESCRIBED BY
FIBER BUNDLE

In dSL gravity the frame vector e§ is at a particular position, such that
Vx e M, (x, IM/ and E;, so that

Ef\lx= M;\lx®Nx

where N, ={X, € E;|{X,, Yx)=0, for all Yxe M’}, e} is a basis of the
one-dimensional normal space of M, x,, and Yx € M, ,, 35} ), the projec-
tion center (O, (y)) of Si(x) is on N,. The tangent point of the sphere S5,
and M,,, is denoted as Q.. Then the radius O, Q= 1|A|"? of the dS
sphere S;x, reflects the localization of the umbilical point supersurface
M, (), but this is not considered in the dSL frame, and thus the dSL frame
is an insufficiently localized frame.
Now let us define the ““full-localized” dSP moving frame

{a}={e:,és}={e;,mi./2eg} (13)

The frame coefficients {ﬁ’ﬁ}, {W?} are given by {ﬁ’ﬁ} ={Vi, 0}, (W=
{0, a/|A|""?}. Here « is a dimensional constant, and [a]= L. For the dSP
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frame (13) we denote the gauge group by J,S\'A (5). Under the action of 675,\ (35),
the frame (13) is transformed as

6,=A%%,  Abeds,(5)

Ap A

If we require & = A28, = A’e,, é5=A2¢, =(a/|A|"?)e}, we obtain
Al=A] AS——I’”M A5, Ai=Al,  Al=—5 Al
i iy i a is 5= 435, |A|1/2

Thus, replacing the frame (1) by the dSP frame (13) and the group dS,(5)
by JEA(S), and repeating the above procedure for building the dSL frame
bundle, we may build a dSP frame bundle dSP(M, (x,, dS,(5)).

By use of the dSP frame we can realize the contraction from the dS
bundle to the Poincaré bundle. The commutation relations of generators of
the group dS, (5) are

[Xab, Xcd] = nadec + nchad - nachd - nbanc
but for the group dls\‘,t(S), we choose the generators as

A[2

[4

A l”2

X;=&0,—&6, and  P= X;=

(&50; — £9s)
Their commutation relations are
[X, ijs Xu]= "IHX,'k + Uijil - ’fthjI - nleik
[ ijs Pk]:njk[’i‘nikl)j (14)
A
[P, P1=—"5 X,

As A -0, in the neighborhood of the pole point one has
A I” ’

lim
A->0

1
(fsa fias) = ; d;

Assuming a = 1, the expressions (14) become
[Xijs Xkl]iso(:;’ 1)

[ ijs a]= Njkdi — nikvj

i.e., the Lie algebra HEA(S) is contracted as the Lie algebra iso(3, 1). Hence,
the group dS,(5) is contracted as ISO(3, 1).

Below we find the elements of ISO(3, 1) from the elements of the group
dS, (5), and obtain the degeneracy of the frame. Under the dSP frame and
in the neighborhood of the pole point, we let the local dS sphere coordinates
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be {E"} ={¢ 25}; the action of the projective change group dS,(5) is given
by
i ri fa
B¢ =A,¢
e = A3 ¢

Here 8 is a nonzero factor. Since the group ISO(3,1)isa prOJectlve change
group keeping the infinite surface invariant, then when f =0, we have
£°=0. Thus, from the second expression of (15) we obtain A5—O and
expressions (15) become

(15)

: ALK

B¢ =Aq¢°

,B§5=A5§5

Because |A|#0, Ai=0, so AS#O d1V1d1ng the rhs and lhs of the first

expression in (15) by B¢’ and Asf respectively, we obtain the trans-
formation

(16)

F'=ajy’+a;
Here §' = £/£° and §' = £/ £ are both four-dimensional projective inhomo-
geneous coordinates, and
Al Al o AL AL 1 ;
J:ATé=X§’ aS_E_—l/\ll/Z’ ajESO(3, 1)
Since A > 0, 45— o (4; - 0), then under the actions of the contracted group
ISO(3, 1), the transformation formula of the dSL frame becomes

é=adlej+ajés=ale;, alajelISO(3,1) (17)

a

Here a; =0, {e/} is the Lorentz frame at O, ,,, and {&} is another Lorentz
frame under ISO(3, 1). At the same time, for the fifth frame vector we have

és=dle|+aie;=dlei+ &, ai(e ISO(3,1)) =

The above expression may be written in the form

A .
e5=1—4—§e§+eg=a'5e§+e’5 (18)
5

Here ai(e ISO(3,1)) = AL/ A:. Combining expression (17) with (18), we
may write the group ISO(3, 1) as the form

(‘:)j als), a;e SO(3,1), ai a real number

This form is just the matrix fashion of ISO(3, 1) and has been used to build
the Poincaré affine frame bundle (Shao Changgui and Xu Banging, 1986).
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From expressions (17) and (18), we know that as the gauge group is
contracted, the dSP frame degenerates into the form {é, es}, where, since
es denotes the translation of the origin of the frame {&,} in the space M
under the action of ISO(3, 1), the frame {¢,, es} is a Poincaré moving frame.

Since A -0, we have M, ,,~> M; then Vx e M, we can obtain a series
of frames {é;, e;}., which may be considered as a fiber over point x. Taking
the union P(M) = cnm {é,, es}x for all xe M, we obtain a Poincaré affine
frame bundle P(M)= P(M, ISO(3, 1),); -

Since, when A—>0 we have dS,(5)~- ISO(3,1), ds(5)-iso(3,1),
M, x,~ RC space-time, and

{é.} =18, es} (19)
then we have frame bundle P(M,,,, JS\A(S))eframe bundle
P(M, ISO(3,1))

When the dS gauge group is restricted on its Lorentz subgroup, the
structure group of the bundle dSP(M, ) and the bundle dSL(M,,,) both

take the form
(50(3, 1) 0)
0 1

and the roles of the fifth vectors of frames on the two bundles are degenerate;
these two bundles thus both degenerate into their Lorentz subbundle (Shao
Changgui et al., unpublished)

L(M)x)) = P(My(x), d5,(5)Iso.0)
Under the dSP frame (13) the Gauss and Weingarten formulas are
De=B), dx"®e|— 18" ®és
Dés=—aym™ 0’ Qe
Here the second fundamental metric is
By = —am, (20)

Under the frame the three fundamental forms of surface theory satisfy the
following relation:

I=—all=a’lII
Using expression (20), we may write the Gauss and Weingarten formulas as
De,=B), dx"®@e|+I0;®¢&;

o (21)
Deés=ab"®eée;
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But under the dSP frame the connection corresponding to expression (4)
should be written as
* * %
De) =B, dx"®e|+ B;,® &
(22)
Des= B}, s dx* @e;

Comparmg expressmn (21) with (22), we obtain Q’ —B’ dx*, QS ab’,
and Q —IQ,5 Then, under the cross section &(x)= {e (x)} on the
bundle dSP(M, x,), the dSP connection is

BfLi aV’

bo=(ta=( 2 ) emo

For the dSP bundle, with the exception of the connection, we may build
the same theory as the dSL bundle. Here we only give the dSP curvature:

* * Fl +a’IV? aT’ ) —
F,,=(F.)="* vt ) eds, (5 23
I I ) ( aITu,,i 0 S)\( ) ( )
Here F/,, is the Lorentz curvature, T, is the Lorentz torsion, and V,,,;
V' V., — ViV

v ¥t

As A >0, the dSP bundle is contracted to the principal bundle P(M),
the algebra ds,(5) is contracted to the Lie algebra iso(3, 1), and then the
connection of P(M) will take its values on the Lie algebra iso(3,1). Thus,
the curvature will also degenerate. Hence, as A -~ 0 we also have

B,  aV} ) )
dSP connection ( - ® ) - Poincaré connection (B,,, V3,)
IaV, 0 '
+a’l Vf“,,
olT,

]

J
F,uvx

aT’ )
dSP curvature ( 0 )—> Poincaré curvature (F.,,;, T7,)

Now we see that taking the connection of the principal bundle P(M) as
the different components, we can construct the dSP connection, but the
latter is a 5 x 5 matrix; thus, the dSP connection and curvature are different
from those of the former. The connection and the curvature of P(M) do
not have the 5 x 5 matrix form; then the gravitational gauge theory obtained
from the dSP bundle is not the same as that obtained from the Poincaré
bundle, unless the former degenerates into the latter. This difference is also
reflected in the construction of the field equations.

The dSL curvature and dSP curvature discussed in this paper are two
types of different curvatures, we may obtain at least two types of dS
gravitational gauge theories (Cho, 1975; Chang et al., 1976).
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4. FIELD EQUATIONS OF DE SITTER-POINCARE GRAVITY

The Lagrangian used in dSP gravity is chosen as

$££+ .SZV

* % 1
= _%V Tr( gpvgﬂy)-’_z ng(d’s lplly-s g,u.v)

Here

F, =

==LV TH(F,, %) = —LVFS , Fub

pvb

is the Lagrangian of the gravitational gauge field, £,, = Z,.(¢, ¥, g..) is
the Lagrangian of the matter field, the symbol | is the twofold covariant
derivative with respect to the natural frame and the Lorentz moving frame,
¢ is the coupling constant of dSP gravity, and V =det|V.|=(-g)"% In %,
the ordinary partial derivative ¢, used in ordinary field theory should be
replaced by the above twofold covariant derivative, and the metric 7; by
g,..- Now we take the variation with respect to %f’m and use the variational
principle; then the Euler equations are

La(meV)_ia (a(‘ff,,,V))Jra(‘f,ng)_a (a($ V)) 0
26 9B 2¢ N\ aB?, ) 9B\ 9B,

Applying expression (23), we obtain

-1
Iy T (24)
E
Here
o 1 3(VE,)
ab =~ TR ab
%H-

is the spin current of the matter system, the symbol / is the twofold covariant
derivative with respect to the natural frame and the dSP frame, and

-1 0 aV!
Ky y=—5= T *)
(K7 a’l (aIV 0

* * * * .
gy 1 uve g gpoAly _ ¢ gp Vi g roi
I =38 (faAiJj ) FoF; )

where

From (1) we also find

‘%r//v = oIT!, + al (FF —3a’IVY)
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In order to find the relation between the dSP gravity and general relativity,
we rewrite equations (24) as the following two sets:

* 1

-2
9:"/;’,,5 =;‘; T?+—;Ff§"

(25)
Fijo=—"5}
Here
e 13 V)
Y2 V8V,

is the mass tensor of matter. When we rewrite the covariant derivative J
used in the above two sets of equations as the twofold covariant derivative
with respect to natural and Lorentz frames, the gauge field equations (25)
become

2

3
sTH + P —3FVE+3FE =3 a7 vi

Té+

V4 Y, (26)

Cd%Ie 2a°]
Fip— eV T = —eSj (27)
where [ ] is the antisymmetric symbol and
4 =3g" Foy F17 — FIVF,
™ =1g"" Tr(t,,t"7) — Tr(t**t3)
Let
3 a’ 1
21 A, 'l
Here A is the cosmological constant, and C is the Einstein gravitational
constant. Equations (26), (27) may be written as
—3T4, + G¥ —AV¥+3F¢ = ~CT¢ +3Cett + 74 (28)
Fl,— eV, ;T =—eS% (29)
Here G* = F* —iFV* is the Einstein tensor.
Comparing the gravitational gauge field equations (28) and (29) with

the gravitational gauge field equations of Poincaré gravity (Shao Changgui
and Xu Banging, 1986).

Gi'=-CT*+ptl+p't¥
-pF4,=CSy+H,—p'Th (30)
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we see that the differences are that for the dSP gravity there are terms of
the covariant divergence —%TQ‘”’; and the curvature tensor 3F¥, two terms
not in the gravitational gauge field equations of Poincaré gravity. The
appearance of the covariant divergence term is based on the matrix fashion
of the curvature of dSP gravity. The appearance of an additional curvature
tensor term is based on the hypothesis that the dS universe has constant
curvature. In equations (29) one does not find the same cotorsion term H};
as in equations (30), which is also based on the dS global invariance of
the dS universe. The Poincaré gravity is based on the supposition that the
space-time is obtained by localizing the flat Minkowski space-time, but the
de Sitter gravity is based on the supposition that space-time is obtained by
localizing the dS sphere holding constant curvature. Poincaré gravity is a
version of a limiting degeneration of dSP gravity; it is not a subgravity of
the latter. The appearance of the additional curvature term 3F}* just reflects
this effect.

For the torsion-free case the dSP gravitational gauge field equations
become

Gt~ AV¥43F¥ =—CT¢+5Cet?
Fif, = —eS}
Equations (31) indicate that the dSP gravitational gauge field equations

discussed in this article do not degenerate into extended Einstein-Yang
equations, except that the dS effect discussed above degenerates.

(31)

5. FIELD EQUATIONS OF DE SITTER-LORENTZ GRAVITY

In finding the field equations, we first suppose that there is no relation
between the potential %/,, and the first fundamental metric of the space-time
manifold. Thus, using a similar method as in dSP gravity to find the field
equations, we may consider that the VL contained in the Lagrangian

— __lyga gpuvb
zg - —SV‘/P,LLVbJPa

is independent of the fifth component of the dSL gravitational potential.
Thus, we find the field equations

1
gfbv//u =——Su
£
and we can write the above equations as two sets
o o 2
ITY, + I(FF-31VY)=——V! (32)
£

Fir, — eV, Tt = —eSt (33)
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These differ from equations (28) and (29) in that equations (32) and (33)
contain terms with factors [A|? and |A|'/?, which are relevant to the
localization of space-time, and thus may be used to discuss the influence
of space-time localization on the field equations.

Now suppose that the space-time localization is trivial, i.e., [A|'/>=0;
the dSL frame bundle will degenerate into a trivial bundle, and suppose

space-time is torsion free; thus, equations (32), (33) become

2
Fr=3I\|"?Vi=—-=T¢ (34)
el
FEf, =—¢eS; (35)
Here let
2
=3IA|V?=A, —==C (36)
el
Then equations (34), (35) may be written as
Fl+AVE=-CTY 37)
. 2
Fif,=-275i (38)

In expression (36) the appearance of I may make it possible to choose
between gauge groups dS(3,2) and dS(4, 1).
When the matter system has no spin, equations (37), (38) become

F+AVE=-CTY

gl =0
or
R+ Agh =—CT% (39)
Ryl =0 (40)

where RY% is the Ricci curvature tensor, and R%,, is the Riemann curvature
tensor. Equations (39) and (40) correspond to the Einstein equations and
the Yang equations, respectively.
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